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A lower bound to the spectral threshold in curved
quantum layers
Pedro Freitas and David Krejcˇiˇr´ık
Dedicated to Pavel Exner on the occasion of his 70th birthday
Abstract. We derive a lower bound to the spectral threshold of the Dirichlet Laplacian
in tubular neighbourhoods of constant radius about complete surfaces. This lower bound
is given by the lowest eigenvalue of a one-dimensional operator depending on the radius
and principal curvatures of the reference surface. Moreover, we show that it is optimal if
the reference surface is non-negatively curved.
1. Introduction
In this paper we obtain a lower bound to the lowest energy of a quantum parti-
cle confined to the space delimited by two parallel surfaces. We assume that these
surfaces represent a perfect hard-wall boundary, in the sense that the particle wave-
function vanishes there, and concentrate in the case where they are unbounded.
In agreement with the paper [6] where these structures were introduced, we shall
use the term quantum layers for such systems.
This rather simple model is known to be remarkably successful in describing
various aspects of electronic transport in quantum heterostructures (we refer to the
monograph [20] for the physical background). One of the main questions arising
within this scope is whether or not there are geometrically induced bound states.
Indeed, some of the most important theoretical results in the field are a number
of theorems guaranteeing the existence of such solutions under rather simple and
general physical conditions [6, 3, 18, 17, 19, 21] (see also [9, 13, 12, 14, 11, 5, 16, 15]
for other mathematical studies of quantum layers).
The main contribution of the present paper is to provide a lower bound to the
ground-state energy of the bound states. However, our results are more general in
the sense that this lower bound also applies to situations where the lowest energy
in the spectrum does not correspond to a bound state, but rather to a scattering
state; this happens, e.g., if the layer is periodically curved.
To obtain this lower bound, we follow an idea similar to that used by Pavel
Exner and the present authors in [8] to derive a lower bound to the spectral
threshold in quantum tubes, i.e. in the case of the configuration space being a
d-dimensional tube about an infinite curve, with d ≥ 2. More precisely, there it
was shown that the lower bound is given by the lowest Dirichlet eigenvalue in a
torus determined by the geometry of the tube. This lower bound is optimal in the
sense that it is achieved by a tube (about a curve of constant curvature). However,
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the geometry of quantum layers is more complicated and we shall see that the op-
timality is one of the main features in which the present situation differs from that
of quantum tubes.
In view of the above physical model, the Hamiltonian of a quantum layer can
be identified with the Dirichlet Laplacian in a tubular neighbourhood of constant
radius about a complete non-compact surface Σ ⊂ R3. In this paper, we proceed
in a greater generality by considering compact surfaces, too. More precisely, we
assume only that
Σ is a connected complete orientable surface of class C2 embedded in R3
with bounded principal curvatures k1 and k2.
(1)
Then, given a positive number a satisfying
a max{‖k1‖∞, ‖k2‖∞} < 1 , (2)
we introduce the tubular neighbourhood
Ω :=
{
x ∈ R3 | dist(x,Σ) < a
}
(3)
and denote by −∆ΩD the Dirichlet Laplacian in L
2(Ω). In addition to (2), we also
assume that Ω “does not overlap itself” (cf (8) below).
If Σ is compact, then Ω is bounded and a lower bound to the spectral threshold
of the Laplacian follows by means of the Faber-Krahn inequality; i.e., inf σ(−∆ΩD)
is bounded from below by the lowest Dirichlet eigenvalue of the ball of volume |Ω| in
this case. However, we are mainly interested in the unbounded case, where similar
arguments based on the Faber-Krahn inequality may, at best, just provide a trivial
bound and the location of inf σ(−∆ΩD) becomes difficult, since we are actually
dealing with a class of quasi-cylindrical domains (cf [10, §49] or [7, Sec. X.6.1]).
In this note we derive the following universal lower bound:
Theorem 1. Let Ω be as above. One has
inf σ(−∆ΩD) ≥ min
{
λ1(k
+
1 , k
−
2 ), λ1(k
−
1 , k
+
2 )
}
, (4)
where k±i := ± sup(±ki), i ∈ {1, 2}, and
λ1(κ1, κ2) := inf
ψ∈W 1,2
0
((−a,a))\{0}
∫ a
−a
|ψ′(u)|2 (1 − κ1u) (1− κ2u) du∫ a
−a
|ψ(u)|2 (1− κ1u) (1− κ2u) du
(5)
for constants κ1, κ2 ∈ [−1/a, 1/a].
In view of Theorem 1, the spectral threshold of the Dirichlet Laplacian in the
three-dimensional tubular manifold Ω can be estimated from below by means of
the one-dimensional spectral problem associated with (5). It is easy to verify that
λ1(k1, k2) with constant k1 and k2 gives the spectral threshold of the Dirichlet
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Laplacian in the layer about the plane if k1 = k2 = 0, a sphere if k1 = k2 > 0
or a cylinder if k1 > 0 and k2 = 0. That is, Theorem 1 is optimal for the class
of layers built about surfaces with non-negative Gauss curvature k1k2. On the
other hand, we are not aware of a geometric meaning of (5) if the Gauss curvature
k1k2 is negative and the surface is complete. In fact, since no such surface exists
which satisfies hypothesis (1) and whose Gauss curvature is identically equal to
a negative constant, a better lower bound than (4) is expected to hold for layers
about surfaces with sign-changing or non-positive Gauss curvature.
In any case, while the right hand side of (4) diminishes as the Gauss curvature
of Σ becomes more negative, it is uniformly bounded away from zero for layers
about surfaces whose Gauss curvature is non-negative:
Proposition 1. Let κ1, κ2 ∈ (−1/a, 1/a) be such that κ1κ2 ≥ 0. Then
λ1(κ1, κ2) ≥ j
2
0,1/(2a)
2 ,
where j0,1 ≈ 2.40 denotes the first zero of the Bessel function J0.
The bound of Proposition 1 is reminiscent of the uniform lower bound obtained
in [8] for strips, i.e. a two-dimensional analogy of quantum layers, by applying the
Faber-Krahn inequality to a sequence of Dirichlet annuli converging to a Dirichlet
disk.
If κ1κ2 < 0, it actually turns out that it is impossible to obtain a lower bound
to λ1(κ1, κ2) for all κ1, κ2 ∈ (−1/a, 1/a) that would not depend on κ1 and κ2, as
the following result shows:
Proposition 2. We have
λ1(−1/a, 1/a) = 0 .
The rest of this paper consists of one section where we provide the proofs of
Theorem 1 and Propositions 1 and 2.
2. The proofs
The central step in the proof of Theorem 1 is based on an idea adopted from [8].
Roughly speaking, expressing the Laplacian −∆ΩD in the natural coordinates pa-
rameterising the layer (3) by means of “longitudinal” coordinates of the reference
surface Σ and a “transverse” coordinate of the normal bundle of Σ, we neglect
the contribution of the former and the latter leads to a “variable” lower bound
of the type (5). The constant lower bound given by the right hand side of (4)
and the uniform lower bound of Proposition 1 then follow from an analysis of the
one-dimensional spectral problem associated with (5).
We need to start with a detailed geometry of curved layers adopted from [3].
Let g be the Riemannian metric of Σ induced by the embedding. The orientation
of Σ is specified by a globally defined unit normal vector field n : Σ→ S2. For any
point x ∈ Σ, we introduce the Weingarten map
Lx : TxΣ→ TxΣ :
{
ξ 7→ −dnx(ξ)
}
. (6)
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The principal curvatures k1 and k2 at x are defined as eigenvalues of Lx with
respect to g(x). Although these curvatures are a priori defined only locally on Σ,
the Gauss curvature K := k1k2 and the mean curvature M :=
1
2 (k1 + k2) are
globally defined continuous functions on Σ.
Let us introduce the mapping
L : Σ× (−a, a)→ R3 :
{
(x, u) 7→ x+ n(x)u
}
. (7)
Assuming (2) and that
L is injective, (8)
this mapping induces a diffeomorphism and the image L
(
Σ × (−a, a)
)
coincides
with Ω defined by (3). In other words, Ω is a submanifold of R3 squeezed between
two parallel surfaces at the distance a from Σ.
Using (7), we can identify Ω with the Riemannian manifold Σ×(−a, a) endowed
with the metric G induced by L. One has
G(x, u) = g(x) ◦ (Ix − Lx u)
2
+ du2 , (9)
where Ix denotes the identity map on TxΣ. By the definition of principal curva-
tures, it is easy to see that the measure on Ω ≃
(
R× (−a, a), G
)
at a point (x, u)
acquires the form
dΩ =
(
1− k1(x)u
)(
1− k2(x)u
)
dΣdu , (10)
where dΣdu stands for the product measure on Σ× (−a, a) at (x, u). Here dΣ =
|g(x)|1/2dx1dx2 in a local coordinate system of Σ at x, with the usual notation
|g| := det(g).
Let Gij be the coefficients of the inverse of G in local coordinates (x, u) for Σ×
(−a, a). Using the above identification, −∆ΩD is unitarily equivalent to the self-
adjoint operator H associated with the quadratic form h defined in the Hilbert
space H := L2
(
Σ× (−a, a), dΩ
)
by
h[Ψ] :=
∫
Σ×(−a,a)
(
∂iΨ(x, u)
)
Gij(x, u)
(
∂jΨ(x, u)
)
dΩ , (11)
Ψ ∈ Domh :=W 1,20
(
Σ× (−a, a), dΩ
)
.
Here the Sobolev space W 1,20
(
Σ × (−a, a), dΩ
)
is defined as the completion of
functions from C∞0 (Σ× (−a, a)) with respect to the norm (h[·]+ ‖ · ‖
2
H)
1/2. Conse-
quently, to prove Theorem 1, it is equivalent to establish the lower bound (4) for
the operator H .
Proof of Theorem 1. Let Ψ be any function defined in C∞0
(
Σ × (−a, a)
)
, a dense
subspace of Domh. Since (Gµν)µ,ν=1,2 is positive definite, one has
h[Ψ] ≥
∫
Σ
dΣ
∫ a
−a
du |∂uΨ(x, u)|
2
(
1− k1(x)u
)(
1− k2(x)u
)
≥
∫
Σ
dΣ λ1
(
k1(x), k2(x)
) ∫ a
−a
du |Ψ(x, u)|2
(
1− k1(x)u
)(
1− k2(x)u
)
,
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where λ1(κ1, κ2) is defined by (5). It remains to show that
λ1
(
k1(x), k2(x)
)
≥ min
{
λ1(k
+
1 , k
−
2 ), λ1(k
−
1 , k
+
2 )
}
(12)
for all x ∈ Σ. Given constants κ1, κ2 ∈ (−1/a, 1/a), the change of test function
φ :=
√
(1 − κ1u)(1− κ2u)ψ in (5) and an integration by parts yields
λ1(κ1, κ2) = inf
φ∈W 1,2
0
((−a,a))\{0}
∫ a
−a
(
|φ′(u)|2 + V (u;κ1, κ2) |φ(u)|
2
)
du
∫ a
−a
|φ(u)|2 du
, (13)
where
V (u;κ1, κ2) := −
1
4
(κ1 − κ2)
2
(1 − κ1u)2(1− κ2u)2
. (14)
The constant lower bound (12) then follows by observing that
V
(
u; k1(x), k2(x)
)
≥ min
{
V (u; k+1 , k
−
2 ), V (u; k
−
1 , k
+
2 )
}
for any fixed u ∈ (−a, a) and all x ∈ Σ. The last inequality can be established for
non-zero u’s by writing
V (u;κ1, κ2) = −
1
4u2
[
1
(1− κ1u)
−
1
(1− κ2u)
]2
(15)
and follows more easily for u = 0.
Remark 1. Following [3, Rem. 1], since the hypothesis (2) is still enough to ensure
that
(
Σ× (−a, a), G
)
is immersed in R3, we do not need to assume (8) in order to
get (4) for the operator H .
Let us now derive the uniform lower bound of Proposition 1.
Proof of Proposition 1. In view of (5), without loss of generality we may assume
that κ1 and κ2 are non-negative. By (13) with (15), we have
λ1(κ1, κ2) ≥ min{λ1(κ1, 0), λ1(0, κ2)} .
However, λ1(κ, 0) = λ1(0, κ) with κ ∈ [0, 1/a) is the spectral threshold of the
Dirichlet Laplacian in the strip of cross-section (−a, a) built either over a circle of
curvature κ if κ 6= 0 or over a straight line if κ = 0. With help of monotonicity
properties established in [8, Prop. 4.2] (or using again (13) with (15)), the Faber-
Krahn inequality yields (cf [8, Prop. 4.5])
λ1(0, κ) ≥ λ1(0, 1/a) = j
2
0,1/(2a)
2
for all κ ∈ [0, 1/a). Notice that λ1(0, 1/a) is the lowest eigenvalue of the Dirichlet
Laplacian in the disk of radius 2a.
6 Pedro Freitas and David Krejcˇiˇr´ık
Finally, we establish Proposition 2.
Proof of Proposition 2. For any positive number ε < min{1, a}, let us set
ψε(u) :=


1 if |u| ≤ a− ε ,
−
log[(a− u)/ε2]
log(ε)
if a− ε ≤ |u| ≤ a− ε2
0 if a− ε2 ≤ |u|.
Then ψε ∈W
1,2
0 ((−a, a)) and using ψε as a test function in the right hand side
of (5) with κ1 := −1/a and κ2 := 1/a, we obtain
λ1(−1/a, 1/a) ≤ 2
∫ a
0
|ψ′ε(u)|
2 (1− u/a) du
∫ a
0
|ψε(u)|
2 (1− u/a) du
,
where we used the bounds 1 ≤ 1 + u/a ≤ 2. While the denominator converges to∫ a
0 (1− u/a) du = a/2, an explicit computation shows that the numerator tends to
zero as ε→ 0.
Remark 2. Note that (13) yields a Hardy-Poincare´-type inequality
∫ a
−a
|φ′(u)|2 du ≥ λ1(κ1, κ2)
∫ a
−a
|φ(u)|2 du+
∫ a
−a
|V (u;κ1, κ2)| |φ(u)|
2 du (16)
for all φ ∈ W 1,20 ((−a, a)) and κ1, κ2 ∈ [−1/a, 1/a], where the Hardy weight
V (·;κ1, κ2) is given by (14) and the Poincare´ constant λ1(κ1, κ2) interpolates
between 0 and pi2/(2a)2. An equivalent version of this inequality in weighted
spaces follows from (5). If κ1 = κ2 ≥ 0, then V (·;κ1, κ2) vanishes identically and
λ1(κ1, κ2) equals pi
2/(2a)2, the first eigenvalue of the Dirichlet Laplacian in the
interval (−a, a). On the other hand, putting κ1 = 1/a and κ2 = −1/a in (16),
Proposition (2) yields an optimal Hardy-type inequality
∫ a
−a
|φ′(u)|2 du ≥
∫ a
−a
a2
(a2 − u2)2
|φ(u)|2 du (17)
for all φ ∈ W 1,20 ((−a, a)). We remark that this inequality is better than the well-
known bound (see, e.g., [1])
∫ a
−a
|φ′(u)|2 du ≥
∫ a
−a
1
4 (a− |u|)2
|φ(u)|2 du
for all φ ∈ W 1,20 ((−a, a)), which can be established by the classical Hardy in-
equality. Notice that the function a− | · | has the meaning of the distance to the
boundary of the one-dimensional domain (−a, a). Hardy inequalities with weights
of type (14) have been recently considered for higher-dimensional domains in [4]
(see also [2, Lem. 8]).
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